We discuss Coleman's theorem concerning the energy density of the ground state of the sine-Gordon model proved in Phys. Rev. D 11, 2088Rev. D 11, (1975. According to this theorem the energy density of the ground state of the sine-Gordon model should be unbounded from below for coupling constants β 2 > 8π. The consequence of this theorem would be the non-existence of the quantum ground state of the sine-Gordon model for β 2 > 8π. We show that Coleman's theorem is erroneous and the energy density of the ground state in the sine-Gordon model is always bounded from below. *
Introduction
As has been shown in Refs. [1, 2] the massless Thirring model is unstable under spontaneous breaking of chiral U(1) × U(1) symmetry. The non-perturbative phase of spontaneously broken chiral symmetry is described by a ground state wave function of BCS-type [1] .
The Lagrangian of the massless Thirring model is given by [1] [2] [3] 
where σ(x) is an external source of the scalar densityψ(x)ψ(x) of the Thirring fermion fields and g is the coupling constant, which we treat in the attractive case. For σ(x) = −m [2] , where m can be interpreted as a mass of Thirring fermion fields, the Thirring model (1.1) bosonizes to the sine-Gordon model with the Lagrangian [1, 2] L SG (x) = 1 2 ∂ µ ϑ(x)∂ µ ϑ(x) + α 0 β 2 (cos βϑ(x) − 1), (1.2) where α 0 and β are positive parameters [1, 2, 4] . The parameter α 0 has the meaning of a squared mass of the quantum of the sine-Gordon field
and β is a coupling constant. For the Thirring fermion fields quantized in the chirally broken phase the coupling constants g and β are related by [1] 8π
The direct consequence of this relation is that β 2 > 8π. As has been discussed in [1] , the relation β 2 > 8π leads to a 1+1-dimensional world populated mainly by soliton and anti-soliton states [1] , which are classical solutions of the equations of motion of the sine-Gordon model (1.2) 2ϑ(x) + α 0 β sin βϑ(x) = 0 (1.5) regardless of the value of the coupling constant β. It is well-known that there exists an infinite set of dynamical many-soliton solutions of (1.5) which are collective excitations of the sine-Gordon field [5] .
As an example, the one-soliton and one-antisoliton solutions ϑ s (x 0 , x 1 ) and ϑs(x 0 , x 1 ) ϑ s (x 0 , x 1 ) = 4π β arctan exp + √ α 0
ϑs(x 0 , x 1 ) = 4π β arctan exp − √ α 0
where u is their velocity, have a finite classical mass, M s = Ms = 8 √ α 0 /β 2 , and are not related to the quantum ground state of the sine-Gordon model. In his pioneering paper [4] Coleman has proved the equivalence between the massive Thirring model and the sine-Gordon model. In our paper [2] we have criticized Coleman's results [4] . We have shown that (i) Coleman could not use Klaiber's formulas [6] for the correlation functions in the massless Thirring model, which were parameterized by Klaiber in a way breaking explicitly chiral symmetry, and (ii) Coleman's perturbation expansion with respect to the mass of the Thirring fermion fields does not exist from the point of view of constructive quantum field theory [7] [8] [9] .
Indeed, an expansion of the generating functional of correlation functions in powers of m in the massive Thirring model assumes an integration over fermionic degrees of freedom described by the massless Thirring model which reduces to a system of free massless fermion field and free massless scalar and pseudoscalar fields. For the calculation of correlation functions in the massless Thirring model Klaiber used solutions of the Dirac equation for the free massless fermion field which cannot be obtained as the massless limit of the free massive fermion field [2] . Therefore, the quantum field theory of the free massless fermion field obtained in the limit m → 0 differs from the quantum field theory of the free massless fermion field in Klaiber's approach [6] . Hence, Coleman's perturbation theory developed with respect to m, where the coefficients of the expansion have been taken from Klaiber's paper [6] , does not exist.
A lateral result of Coleman's paper [4] was the proof of the theorem asserting that for β 2 > 8π the energy density of the sine-Gordon model is unbounded from below. Due to this Coleman argued: "The theory has no ground state, and is physically nonsensical." [4] . In this paper we discuss critically this theorem of Coleman and show that it is erroneous.
The paper is organized as follows. In Section 2 we repeat Coleman's derivation of the theorem asserting the non-existence of the ground state in the sine-Gordon model for β 2 > 8π and accentuate those places where we do not agree with Coleman. We modify Coleman's derivation and get a bounded energy density for the ground state of the sine-Gordon model for β 2 > 8π. In Section 3 we adduce the explicit calculation of the energy density for the ground state of the sine-Gordon model using the path-integral approach [2] . In the Conclusion we discuss the obtained results. In the Appendix we follow [2] and evaluate the generating functional of Green functions in the sine-Gordon model and demonstrate the infrared stability and non-perturbative renormalizability of this model. 
where Π(x) =θ(x) is the conjugate momentum of the ϑ-field. Following Coleman [4] we transcribe the Hamiltonian (2.1) into the form
where γ 0 is an arbitrary constant, which is equal to
if the minimum of the classical potential energy is normalized to zero [4] .
Introducing the infrared scale µ we can redefine the interaction term in the Hamiltonian (2.2) as follows [4] cos βϑ(
where the symbol : . . . : µ means normal ordering at the scale µ and Λ is the ultra-violet cut-off. The expression (2.4) is a trivial consequence of the perturbative derivation of the vacuum expectation value of the operator cos βϑ(x) [10] 0| cos βϑ(
5)
where D (+) (x; µ) is the two-point Wightman function defined by [10]
For x = (x 0 , x 1 ) = 0 the two-point Wightman function is regularized by the ultra-violet cut-off Λ and reads [10] 
Since the vacuum expectation value of the normal-ordered operator : cos βϑ(x) : is unity, 0| : cos βϑ(x) : |0 = 1, relation (2.5) can be represented in the operator form (2.4). Of course, the same result can be obtained by considering the ϑ-field as a free field and applying Wick's theorem [4, 11] . Assuming multiplicative renormalizability of the sine-Gordon model Coleman (i) introduces the renormalized constant α determined by
and (ii) changes the scale of the normal ordering µ → M according to the recipe [4] :
As a result the interaction term of the Hamiltonian of the sine-Gordon model acquires the form
where the parameter α is related to the bare parameter α 0 by equation (2.8) . This completes the redefinition of the interaction part of the Hamiltonian (2.2). Now according to Coleman we rewrite the free part of the Hamiltonian (2.2) as follows
This result can be easily obtained using the expansions of the field ϑ(x) and the conjugate momentum Π(x) into plane waves [4, 10] ϑ
where k 0 = (k 1 ) + µ 2 , a(k 1 ) and a † (k 1 ) are annihilation and creation operators obeying the standard commutation relation
Accounting for the contribution of the parameter γ 0 Coleman defines
and redefines the free part of the Hamiltonian (2.2) as follows
Changing then the scale of the normal-ordering µ → M Coleman gets
:
After this set of transformations Coleman asserts that: "Assembling all this, we find the cut-off independent form of the Hamiltonian density":
18)
where all parameters α, β and γ are finite. Let us discuss Coleman's assertion concerning the finiteness of the parameters α, β and γ. Without problems we can suppose that the parameter β is finite. As has been shown in [2] the coupling constant β is unrenormalizable, therefore it can be finite. The finiteness of the parameter α in (2.8) is questionable, since this entails the infinity of the parameter α 0 in the infrared limit µ → 0, but that is not really true. Indeed, as we have shown in [2] (see also the Appendix to this paper) the sine-Gordon model is non-singular in the infrared limit (A.12) and the correlation functions of the sine-Gordon model are finite in this limit. Hence, there is no physical reason for the parameter α 0 to be infinite at µ → 0.
Nevertheless, regardless of this fact we can suppose that after the renormalization (2.8) the constant α is finite. However, as we show below this would lead to a paradoxical consequence, the impossibility to formulate the sine-Gordon model as a quantum field theory, see the discussion to Eq.(2.29).
What about γ? If the energy density is normalized to zero the parameter γ 0 is defined by (2.3) and after the renormalization of the parameter α 0 (2.8) one should get the renormalized γ, i.e.
This yields the Hamiltonian (2.18) depending explicitly on the ultra-violet cut-off Λ
Thus, by definition the parameter γ 0 cannot be renormalized additively (2.15) as it is assumed by Coleman. In order to escape this problem one can introduce one more parameter ǫ 0 to the definition of the Hamiltonian (2.2) which should read now
The parameter ǫ 0 is additively renormalizable. This changes the relation (2.15) as follows
As a result the expression for the Hamiltonian (2.20) as well as (2.18) should be recast into the form
Now one can argue that in the Hamiltonian defined by (2.23) the parameters α, β and ǫ are finite.
Following then Coleman and changing the scale of the normal ordering µ → M we arrive at the Hamiltonian
The vacuum energy density defined by the Hamiltonian (2.24) is equal to
The first term in the r.h.s. of (2.24) is absent in Coleman's expression given by Eq. 
Since ǫ is a finite arbitrary constant, without loss of generality we can set ǫ = 0. Afterwards one can easily see that the vacuum energy E vac (M) is always positive and never tends to negative infinity. Now let us investigate the question: "Whether the vacuum energy density E vac (M) given by (2.25) has a minimum or not ? " For this aim, if we are interested in a nontrivial solution M = 0, we have to calculate the first derivative of E vac (M) with respect to M 2 . This yields the equation
which can be transcribed into the transcendental equation
If α is finite and µ the infrared cut-off, so α is always greater than µ 2 . Hence, the r.h.s. of (2.28) is positive. Then, since M 2 > µ 2 , the l.h.s. of (2.28) is positive only for β 2 < 8π. Thus, for β 2 < 8π the energy density E vac (M) has a minimum. The boundary values of the vacuum energy density E vac (M) are defined by (2.26). Now let us consider the case when β 2 > 8π. For β 2 > 8π equation (2.28) has no solutions. This means that the vacuum energy density E vac (M) has no extremum with respect to M. The vacuum energy density E vac (M) can only vary between the values defined by the endpoints of the interval µ ≤ M ≤ Λ (2.26). These values are positive for ǫ = 0 and the vacuum energy density E vac (M) can never be negative. This does not contradict to the existence of the ground state but only implies the necessity to use the Hamiltonian (2.1) in the normal-ordered form [7] [8] [9] [10] [11] [12] [13] [14] .
This means that the vacuum energy density in the sine-Gordon model is bounded from below. This confirms the falseness of Coleman's theorem [4] .
We would like to emphasize that Coleman's proof of the theorem, based on the expression for the vacuum energy density [4] ) leads to a very paradoxical conclusion. Indeed, the vacuum energy density E vac (M) (2.29) depends explicitly on the infrared cut-off µ, which should be taken in the limit µ → 0, whereas all parameters α, β and γ are kept finite. Hence, in the infrared limit µ → 0 the vacuum energy density (2.29) is equal to negative infinity for any finite scale M and any coupling constant β = 0. This means that according to Coleman's proof of the theorem the sine-Gordon model is an extremely ill-defined quantum field theory and nonsensical for any coupling constant β save the case β = 0. We would like to notice that our expression for the vacuum energy density defined by (2.25) tends to positive infinity in the infrared limit µ → 0. This is also nonsense, but not to that extent. In fact, setting M = Λ we escape such an infinity.
The paradoxical consequence of Coleman's proof, the non-existence of the sine-Gordon model as a quantum field theory, is a direct consequence of the unjustified assumption of the singularity of the bare parameter α 0 in the infrared limit µ → 0.
Vacuum energy density in the sine-Gordon model. Non-perturbative calculation
Using the Lagrangian L SG (x) given by (1.2) one can obtain the Hamilton functional H(x 0 ) of the sine-Gordon model
The first two terms describe the contribution of the kinetic energy which should be always taken in the normal-ordered form 1 . In quantum field theory the potential energy, given by the last two terms in (3.1), should be normal ordered as well as the kinetic one. However, below we consider two possibilities (i) the potential energy is normal-ordered and (ii) the potential energy is not normal-ordered. We will show that in the case of the potential energy, taken in the normal-unordered form, the energy of the ground state of the sine-Gordon model tends to positive infinity. The former is a usual result for a renormalizable quantum field theory [12] [13] [14] .
The energy of the ground state E vac is equal to the vacuum expectation value of the Hamilton functional H(x 0 )
Since the integrand in (3.2) does not depend on x, instead of the energy of the ground state E vac it is convenient to treat the vacuum energy density E vac defined by
where L is the spatial volume.
(i) If the potential energy is taken in the normal-ordered form, the energy density E vac is equal to zero, E vac = 0, due to 0| : cos βϑ(0) : |0 = 1 by definition of the normal ordering.
(ii) In the case of the normal-unordered form of the potential energy the vacuum expectation value 0|[cos βϑ(0) − 1]|0 is non-zero and can be calculated explicitly. In terms of the partition function Z SG [0] defined by (A.15) the vacuum expectation value 0|[cos βϑ(0) − 1]|0 reads 
where the second term is a ratio of two infinite series. One can show that this term vanishes in the limit T, L → ∞. For this aim we rewrite the vacuum energy density (3.7) in the form
It is seen that in the limit T, L → ∞ the ratio of the series is of order of O(1/T L). This allows to rewrite (3.8) as follows
Hence, in the limit T, L → ∞ the vacuum energy density E vac is defined only by the first term in (3.8) . This gives
Since the renormalized coupling constant α is finite as well as the coupling constant β, in the limit Λ → ∞ the vacuum energy density E vac tends to positive infinity as it is usual for renormalizable quantum field theory with a Hamilton functional taken in the normal-unordered form [12] [13] [14] .
We would like to remind that Coleman's expression for the energy density of the ground state of the sine-Gordon model is linear in the coupling constant α 0 . Therefore, formally, for the verification of Coleman's result we can consider only the lowest order in perturbation theory with respect to the coupling constant α 0 . Taking the potential energy in the normal-unordered form and keeping only the lowest order in the α 0 expansion the vacuum expectation value 0| cos βϑ(0)|0 amounts to 0| cos βϑ(0)|0 = lim µ → 0
This gives the vacuum energy density (3.3) equal to E vac = α 0 /β 2 , which reduces to (3.10) after renormalization α 0 = α Z 1 = α (Λ 2 /M 2 ) β 2 /8π with the renormalization constant Z 1 = (Λ 2 /M 2 ) β 2 /8π defined by (A.13).
The vacuum energy density (3.10) tends to infinity at Λ → ∞. Such an infinity can be removed by normal-ordering [12] [13] [14] . Hence, according to standard conclusions of quantum field theory the energy of the ground state of the sine-Gordon model is equal to zero, if the Hamilton functional is taken in the normal-ordered form.
Within the path-integral approach, where the vacuum energy density of the sine-Gordon model is defined by the generating functional of Green functions Z SG [J] for J = 0. The energy density of the ground state of the sine-Gordon model can be set zero normalizing Z SG [J] to unity at J = 0, i.e. Z SG [0] = 1.
Conclusion
We have shown that Coleman's theorem asserting that the vacuum energy density of the ground state of the sine-Gordon model is unbounded from below is erroneous. The main flaws of Coleman's proof are (i) the parameter γ 0 , normalizing to zero the classical potential energy of the sine-Gordon model, has been assumed additively renormalizable and set finite after renormalization and (ii) the renormalized Hamiltonian has been found depending on the infrared cut-off µ with divergent contributions in the limit µ → 0, whereas the sine-Gordon model is well-defined in the infrared limit µ → 0 (see the Appendix and [2] ). Our direct calculation of the vacuum energy density is non-perturbative and exact. We have shown explicitly that the vacuum energy density of the sine-Gordon model can never be a negative quantity if the potential energy is normalized to zero as it is done at the classical level.
In this connection we would like to remark that the energy density of the sine-Gordon model is non-negative at the classical level and one could be puzzled how Coleman has succeeded in getting a vacuum energy density unbounded from below at the quantum level.
Then, due to the unjustified assumption concerning the singularity of the parameter α 0 in the infrared limit, the vacuum energy density (2.29) calculated by Coleman is equal to E vac (M) = −∞ in the infrared limit µ → 0 for any finite scale M and coupling constant β. This would stress that the sine-Gordon model could not be defined as a quantum field theory for any β.
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Appendix. Non-perturbative renormalizability of the sine-Gordon model
As has been shown in [2] the massless Thirring model with non-vanishing external sources is equivalent to the sine-Gordon model, when the mass of Thirring fermion fields m is considered as an external source σ(x) = −m of the scalar fermion densityψ(x)ψ(x). Therefore, the properties of non-perturbative renormalizability of the massless Thirring model investigated in [2] should be fully extended to the sine-Gordon (SG) model.
The generating functional of Green functions in the SG model we define as
where J(x) is an external source of the ϑ(x)-field. The Lagrangian of the SG model is invariant under the transformations
where n is an integer number running over n = 0, ±1, ±2, . . .. In order to get the generating functional Z SG [J] invariant under the transformations (A.2) it is sufficient to restrict the class of functions describing the external source of the ϑ-field and impose the constraint
Formally, for the pseudoscalar SG field ϑ(x), that we really have in the case when the SG is the bosonized version of the massive Thirring model [1, 2] , the constraint (A.3) is fulfilled automatically. Indeed, due to the conservation of parity the external source of the SG field ϑ(x) should be a pseudoscalar quantity J(x 0 , x 1 ) = −J(x 0 , −x 1 ). In the case of the scalar SG field ϑ(x) the fulfillment of the constraint (A.3) should not encounter a problem [8, 10, 15] if the external sources J(x) belong to the class of the Schwartz test-functions D 0 (R 2 ) = {J(x) ∈ D(R 2 );J(0) = 0} [8, 9, 16] , whereJ (k) is the Fourier transform of the external source J(x) [10, 16] . Due to the constraint (A.3) the Fourier transformJ(k) of the external source J(x) vanishes at k = 0, i.e.J(0) = 0 [10, 16] . Non-perturbative renormalizability of the SG model we understand as a possibility to remove all divergences by renormalizing the coupling constant α 0 . Indeed, since the coupling constant β is related to the coupling constant of the Thirring model g [1, 2] , which is unrenormalized g 0 = g, so the coupling constant β should possess the same property, i.e. β 0 = β. Hence, only the coupling constant α 0 should undergo renormalization.
The Lagrangian of the SG model written in terms of bare quantities reads
Since β is the unrenormalized coupling constant, the field ϑ 0 (x) should be also unrenormalized, ϑ 0 (x) = ϑ(x). This means that there is no renormalization of the wave function of the ϑ-field. As a result the Lagrangian L SG (x) of the SG model in terms of renormalized quantities can be written by This expression we use for the calculation of the vacuum energy density of the SG model.
